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Abstract. It is widely accepted that the optimal alignment between a pair

of proteins or nucleic acid sequences that minimizes the edit distance may
not necessarily re ect the correct biological alignment. Alignments of proteins
based on their structures or of DNA sequences based on evolutionary changes
are often di erent from alignments that minimize edit distance. However, in
many cases (e.g. when the sequences are close), the edit distance alignment
is a good approximation to the biological one. Since, for most sequences, the
true alignment is unknown, a method that either assesses the signi cance
of the optimal alignment, or that provides few \close" alternatives to the
optimal one, is of great importance.
A suboptimal alignment is an alignment whose score lies within the neighborhood of the optimal score. Enumeration of suboptimal alignments [Wa83,
WaBy] is not very practical since there are many such alignments. Other approaches [Zuk, Vi, ViAr] that use only partial information about suboptimal
alignments are more successful in practice.
We present a method for representing all alignments whose score is within any
given delta from the optimal score. It represents a large number of alignments
by a compact graph which makes it easy to impose additional biological constraints and select one desirable alignment from this large set. We study the
combinatorial nature of suboptimal alignments. We de ne a set of \canonical" suboptimal alignments, and argue that these are the essential ones since
any other suboptimal alignment is a combination of few canonical ones. We
then show how to eciently enumerate suboptimal alignments in order of
their score, and count their numbers. Examples are presented to motivate
the problem.
Since alignments are essentially (s; t)-paths in a directed acyclic graph with
(possibly negative) weights on its edges, our solution gives an extremely simple method to enumerate all K shortest (or longest) paths from s to t in such
graphs in increasing order, as well as all (s; t) paths that are within  of the
optimum, for any . We compare this solution with known algorithms that
nd the K -best shortest paths in a graph.
?
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1 Introduction
1.1 Motivation
Protein and Nucleic Acid sequences are regularly compared agains one another, since
it is assumed that sequences with similar biological function have similar physical
characteristics, and therefore are similar, or homologous, at the amino or nucleic
acid sequence level [D1, D2]. Since a good similarity measure between sequences that
predicts the structural or evolutionary similarity is not yet known, biologists resort
to the classical string comparisons methods [Sel, SK]. The most commonly used
measure of similarity between strings is the well known edit distance measure, which
is the minimum-weight set of edit operations (substitutions or insertions/deletions
of gaps) that are needed to transform one sequence to another. The minimum edit
distance alignment can also be expressed as the best scored alignment; throughout
the paper we use the maximization terminology. Biological constraints are imposed
via the weights that are assigned to the di erent edit operations (i.e., the PAM
matrix for proteins). It is still controversial how to correctly derive these weights.
With any set of weights, the edit distance measure optimizes a single simple objective
function, and there is no evidence to believe that this function is being optimized
by nature.
Despite these limitations, this technique has become the method of choice in
molecular biology for aligning sets of sequences. The main reason is that structural
or evolutionary alignments are very hard to nd; they involve the determination of
the three-dimensional structures of molecules (via crystallography, NMR techniques
or phylogenies), which are extremely laborious tasks. String comparison techniques,
on the other hand, are much faster and in many cases have proven to be good predictors of the correct alignment. However, lacking experimental data, it is dicult to
assess the signi cance of an alignment that was obtained purely by a computational
method.
In summary, the edit distance measure is a well-de ned, rigorous combinatorial
measure that can be eciently optimized, and which can be justi ed biologically
(by a set of parameters, whose values are determined empirically). However, the
edit distance does not always yield the biological alignment when optimized. It is
therefore useful to intelligently explore a larger set of solutions. One approach is
the Parametric approach, which looks for di erent optimal solutions obtained for
di erent sets of parameters [FS, GBN, WEL, Wa92]. The second is to consider
a larger, but still a manageable, set of alignments that are in the vicinity of the
optimum. These are \Suboptimal Alignments" [Zuk, ViAr, WaBy, Wa83, WaEg].

1.2 Summary of Results
In this paper we study the combinatorial nature of suboptimal alignments under a
simple scoring function. For every , we de ne the minimum set of edges E in the
edit distance graph that includes every suboptimal alignment in the  neighborhood,
and then show that this set of edges is exactly the union of certain types of alignments

which we call \canonical" alignments. We argue that these alignments can be viewed
as a canonical set for all suboptimal alignments, since any suboptimal alignment is
a \combination" of few canonical ones. We denote by 0 < 1 < 2 < : : : the
maximal sequence of values such that
E0  E1  E2  : : :
and show that the information revealed by this set of graphs is much richer than
merely a single optimal alignment, or a list of few suboptimal ones. It allows a
graphical view of:

{ suboptimal alignments with almost optimal score that are substantially di erent
than the optimal alignment.
{ the regions that are common to many suboptimal alignments, which may indicate
that these regions are signi cant [Zuk, Vi, ViAr].
{ the best alignment which satis es additional biological constraints.
We developed a program, called SUBOPT, that computes and displays these graphs,
and counts the number of -suboptimal alignments for each .
We also de ne a transformation on the weights of the edit distance graph with
which suboptimal alignments can be output eciently (ordered or unordered). Let
n and m be the lengths of the sequences, m  n. Given the transformed weights,
the next best alignment (canonical or non-canonical) can be output in O(m) time. If
alignments are to be enumerated in increasing order, then the space requirement is
O(Km+mn); otherwise, O(mn) space suces. We also show how to eciently count
the number of suboptimal alignments, rather than enumerate them. This method is
extremely simple. It requires only one additional edit distance computation between
the reversed strings. Computing the edit distance between the sequences, and between the reversed sequences, was used in the algorithms of [KIM, Vi, ViAr, Wa83,
WaBy, Zuk]. This information is sucient to represent canonical as well as noncanonical suboptimal alignments and can be obtained in O(nm) time and space.

Examples To motivate this problem, we show two examples. The rst demonstrates

that the biologically correct alignment is not necessarily the optimal one. The second
example shows how a compact representation of a set of alignments between a single
pair of sequences may reveal a wealth of information that is traditionally obtained
from a multiple alignment of a large set of sequences. In both examples an alignment
is represented by a path in a grid graph that starts at the upper-left corner and
ends at the bottom-right corner. A diagonal edge corresponds to a pair of aligned
characters, and a horizontal or a vertical line corresponds to a gap in one of the two
sequences.
To demonstrate how misleading the optimality criteria can be, consider the example in Figure 2. Here, two 25-long amino acid sequences are compared against each
other. The two are prealigned substrings of longer \Leucine Zippers" sequences, in
which amino acid Leucine (L) appears every 7 positions. In this example, L appears at the 4th, 11th, 18th and 25th positions of the two sequences, so we expect a

good alignment to pick up this periodicity. Hence, we de ne a biologically \correct"
alignment as one that coincides with the diagonal at the 4th, 11th, 18th and 25th
positions.
When the two sequences were compared (with a PAM80, gap score -1) the best
score was 43. All alignments with this optimal score are represented as paths in the
top part of Figure 2. Note that no optimal alignment is the biologically \correct" one
under our de nition. The bottom part of Figure 2 shows that when the score drops
by 2, another large set of paths which are closer to the diagonal are introduced,
among them a biologically \correct" one.
In the second example, the variable regions of the heavy and the light chain of a
Human Immunoglobulin Fab (the rst 120 amino acids of PDB sequence 2fb4 H and
2fb4 L) have been aligned (Figure 3). The graph that represents optimal alignments
reveals that all optimal alignments agree on three well-aligned regions (\diagonals").
This phenomena is reinforced by the consideration of suboptimal alignments (for
 = 0; 1; 2), as they all share the same well-aligned regions, and introduce more alternatives at the remaining parts of the alignment. The fact that these two sequences
are conserved in three region and are variable between them is the well known fact of
\hypervariable regions" in Immunoglobulins. Hence, the hypervariable regions which
were discovered in the '70s by aligning multiple immunoglobulin sequences can be
obtained from this single pair of sequences and their suboptimal alignments. Since
the Human Fab has been structured, we located the turns that correspond to the
hypervariable regions, and correlated them with those observed in the suboptimal
graphs. In the heavy chain, the turns occur at positions 27-32, 52-55, 72-75 and
99-111, and the corresponding regions revealed by the suboptimal graphs are 24-32,
47-60, 77-79 and 97-111.

1.3 Problem De nition
Let A and B be two sequences (over a nite alphabet) of lengths m and n respectively,
m  n. Let Ai (Bi ) denote the rst i characters in A (B). An alignment between A
and B introduces spaces into the sequences such that the lengths of the two resulting
sequences are identical, and places these spaced sequences one upon the other so
that no space is ever above another space. The length of an alignment is between
m and n + m. A column that contains two identical characters is called a match
and is assigned a high positive weight mat. A column that contains two di erent
characters a and b is called a mismatch, and is assigned a weight wab (waa = mat).
A column that contains a space is called a space, and is assigned a small weight of
sp. We de ne the score of an alignment as the sum over all weights assigned to its
columns. (There are many possible de nitions for the alignment score { in this paper
we only consider this simple de nition 2 ). The edit distance problem is to nd the
alignment that maximizes its score.
2

our results hold for any scoring function with the property that D(m;n) D(i; j ) is the
score of optimal alignment between the last m i characters from A and the last n j
characters from B

If D(i; j) is the score of the best alignment between Ai and Bj , and if the ith
and j th characters of A and B are a and b respectively, then the following dynamic
programming formulation will correctly compute D(i; j) [SK]:
D(i; j) = maxfD(i 1; j) + sp; D(i 1; j 1) + wab; D(i; j 1) + spg
All values D(i; j) can be computed in O(nm) time, as well as D(m; n), which is the
desired score of the optimal alignment. Also, all optimal alignments can be found
by backtracing through the matrix of the D(i; j) values.
This problem can be viewed as a longest path problem on a directed acyclic graph
G with nm nodes and 3nm edges. A node in G corresponds to some cell (i; j) in an
(m  n) table, and each node (i; j) has three edges coming into it from adjacent cells
(i 1; j); (i 1; j 1); (i; j 1). The weight of a horizontal or a vertical edge is sp,
whereas the weight of a diagonal edge is wab, a and b are the ith and jth characters
of A and B respectively. This graph is called \the edit distance graph of A and B".
If node s corresponds to the cell (0; 0), and node t corresponds to the cell (m; n),
then there is a 1:1 correspondence between alignments and s t paths in G. Hence,
suboptimal alignments are essentially suboptimal paths in this simple graph.
By the graph analogue of the problem, it is well known that all optimalalignments
between A and B (that is, optimal paths from s to t) have a compact representation:
it is the backtrace graph, which can be constructed in O(nm) time. (This property
does not directly carry over for other de nitions of scores, e.g. ane gap weights
[Go, AlEr]). However, no such elegant representation exists for suboptimal paths,
and therefore alignments. Throughout the paper we use the graph notation, where
a node (i; j) is simply denoted by u, s is the node (0; 0) and t is (m; n). An edge,
directed form u to v, is denoted by hu; vi.

1.4 Previous Work
The problem of enumerating all K-best shortest paths (or longest paths in a DAG)
in increasing order was addressed very early on (in the 60's and 70's) in the context
of general graphs, and it is a well studied problem in combinatorial optimization. In
general, the problem may or may not allow paths with loops. We do not attempt
to give a complete overview of this problem, but rather to summarize some relevant
ideas that have been suggested. Three main approaches have been suggested. The
rst is an iterative procedure, that generalizes the Bellman-Ford algorithm for optimal paths, suggested by [BK, Dr] and improved by [Fox, Law76]. The second employs
a general scheme for enumerating the K best objects [Yen, Law72, Law76, Pol]. The
third exploits the structural relations between suboptimal paths. It is based on the
observation of [HP] that the kth -best path P is a \deviation" of some j th -best path
Q, j < k, i.e. there is an edge e = hu; vi on P such that P's segment up to u is the
same as Q, e 62 Q, and the portion of P from v to t is an optimal path from v to t.
The algorithms of [CKR, HP, KIM, Per, Yen] all show how to store the k 1 best
paths eciently so that the kth best, which must be a deviation from one of them,
can be found easily. All of these approaches do not require the knowledge of K in
advance; the fourth approach of [Sh] relies on a known K.

The edit distance graph is a very regular graph. It is a directed (acyclic) grid of
degree 3, and its edge-weights may be negative. For this type of graph, the algorithm
of [BK, Dr] as implemented by [Fox, Law76] enumerates the K-best suboptimal paths
in O(mn) time per path, where K need not be speci ed in advance. In fact, it nds
the K-best suboptimal paths from any node in the graph to t. The space required is
O(Kmn). The algorithm of [Yen,Law72] generates the next best path in O(Knm)
time, and O(Km + nm) space.
A more relaxed goal is suggested in [Wa83, WaBy]: enumerate all shortest paths
(not necessarily in order) that are within  of the optimum, where  is known in
advance. For this problem, each path can be enumerated in O(m) time, but only
O(nm) space is needed. The requirement to know  in advance is a limitation,
since it is not possible to know a priori which level of signi cance is the interesting
one. Another variant, considered in [WaEg] and used in [ScWa], is to list all Kbest non-overlapping local alignments. These enumeration methods (of K-best or
-suboptimal) turn out not to be practical in the biological application, since the
number of suboptimal paths grows very fast, and explicit listing of them provides
too much information.
In realizing that explicit enumeration is not the desired representation, both [Zuk]
and [Vi, ViAr] suggested building (m  n) 0-1 matrices S; T that store some partial
information about all -suboptimal alignments. S and T are easily computable in
O(nm) time, but in both methods  needs to be speci ed in advance. T (i; j) = 1 i
there is a -suboptimal alignment in which the ith character of A and the jth character of B are aligned, and S(i; j) = 1 i in every  0-suboptimal alignment,  0 < ,
the ith character of A and the j th character of B are aligned. These matrices are then
used to assess signi cance of optimal alignments [ViAr, Zuk], to detect alternatives
to the optimal one and to construct multiple alignments [Vi]. This representation,
although powerful, looses \connectivity information" since, clearly, not every legal
path through the 1-entries of the matrices is a suboptimal alignment.
It is therefore clear that it is not the actual enumeration of suboptimal alignments, but rather a representation of their common or uncommon features, that is
needed. This is the motivation of the representation suggested in this paper, which
contains more information than the partial 0-1 matrices of [Zuk, Vi, ViAr], and yet
is compact. We believe that this additional information, which is manageable, can
be valuable in many cases. Also, the transformation of the edge weights suggested
in the paper provides an alternative intuitive way to explore the search space of
suboptimal alignments.

2 The Combinatorial Structure of Suboptimal Paths
Notation - Let G be the edit distance graph between two sequences A and B,
and let E be its set of edges. The weight of an edge e = hu; vi is denoted by w(e).

Let d(x; y) be the length of the optimal (maximal) path from node x to node y
in G. If P is a path that goes through nodes x and y, then dP (x; y) is the length
of the portion of P from x to y. For a path P from s to t (an (s; t)-path), de ne

(P ) = d(s; t) dP (s; t). If (P) =  (  0) then P is called a -path (or a suboptimal path). Throughout the paper only simple paths are considered (since G
is a DAG, it contains only simple paths).
Given a pair of sequences, two edit distance computations (between the sequences
and between their reverse) produce all values d(s; u) and d(u; t) for every node u, as
well as the optimal path from s to u and from u to t for every node u.
De nition { For an edge e 2 E, de ne (e) = d(s; t) (d(s; u)+w(u; v)+d(v; t)).
(e) is therefore the di erence between the length of the best path from s to t that
uses e and the optimal (s; t) path.
De nition { De ne E, a subset of the edge set E in G, as:
E = fej(e)  g

Claim 1. E is the smallest set of edges such that every  0 suboptimal path for some
 0   is a path in E.
Proof. Note rst that every  0 -suboptimal path,  0  , is a path in E. Let P be
a  0-suboptimal path for some  0  . Assume that P is not a path in E, so there
must be some edge e = hu; vi 62 E on P. But since P uses e, (e) =  00   0  .
Hence, e 2 E, a contradiction. E is the smallest such set since every e 2 E is
0
0

on some  suboptimal path,   .

ut

De nition { A -path P from s to t is called canonical (for e) if there exists
an edge e = hu; vi 2 P such that (P) = (e). That is, a canonical path consists of
the best path from s to u, followed by e and further followed by the best path from
v to t. Note - there is a canonical path for every edge e; however, a path P can be
canonical for more than one edge.
We next argue that the set of canonical paths are the essential ones among
all suboptimal paths since all non-canonical suboptimal paths can be derived from
them.
Lemma 2. Let P = e1; e2 : : :; ek be a canonical -suboptimal path. Then
(1) 8e 2 P , (e)  ,
(2) there is a contiguous segment el ; : : :er (l  r) along P such that (ei ) =  for
l  i  r and (ej ) <  for j < l or j > r. Hence, P is a canonical path for
el ; : : :er .
(3) (ei 1)  (ei ) for all i  l, and (ei )  (ei+1 ) for all i  r.
Proof. For any e 2 P, (e) = d(s; t) dP (s; t), where P 0 is the best (s,t)-path that
uses e. Since P uses e,  = (P ) = d(s; t) dP (s; t)  d(s; t) dP (s; t) = (e), so
0

0

(e)   and (1) is proven.
To show (2), let el be the rst edge on P for which (el ) =  (since P is a
canonical path, there must be such an edge), and let er be the rst edge on P such

that (er ) =  but (er+1 ) < , or er = ek if no such r exists. By de nition,
(ei ) <  for i < l. If r = k, then we are done. Otherwise, it is left to be shown that
(ei ) <  for i > r. Suppose el = hu; vi. Since P is canonical for el , dP (v; t) = d(v; t),
and this holds for all nodes that occur after v on P. Let er+1 = hx; yi. P is not
canonical for er+1 , but since y occurs after v on P we know that dP (y; t) = d(y; t),
hence dP (s; x) < d(s; x), so there is a better path to reach x from s than via P.
Take now any edge ei = hx0 ; y0 i, i > r. P is not canonical for ei since there is always
a better way to reach x0 from s than along P : reach x optimally, then follow the
portion from x to x0 on P. Hence dP (s; x0 ) < d(s; x0), so (ei ) < (P) =  for all
i > r.
Recall that P is optimal for el = hu; vi. Consider some i  l, and let ei 1 = hp; qi
and ei = hq; ri. ei 1 and ei are on the best path from s to u, and therefore ei 1
is on the best path from s to q. Hence, ei 1 is on the canonical path for ei and by
(2) (ei 1 )  (ei ). A similar argument shows that for every i  r, ei+1 is on the
canonical path for ei , hence (ei )  (ei+1 ). (3) is therefore proven.
ut
A canonical path is depicted in Figure 1.
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Fig. 1. A Canonical Path
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Lemma 3. If P = e1; e2 : : :; ek is a non-canonical -suboptimal path, then (e) < 
8e 2 P .
Proof. For any e 2 P , the length of the best path that uses e is d(s; t) (e). Since
P uses e but is not canonical (therefore not the best) for e, dP (s; t) = d(s; t)  <

d(s; t) (e), so (e) < .

ut

Denote by 0 < 1 < 2 < : : : the maximal sequence of values such that
E0  E1  E2  : : :

Lemma 4. Ei , which is the smallest set of edges that contains every  0 suboptimal
path ( 0  i), is also the union of all j canonical paths for j  i.
Proof. Recall that a canonical path must be j -suboptimal for some i. If P is a
canonical j -suboptimal path, then it will rst appear as a path in Ej since by
Lemma 2 (e)  j for all e 2 P, and (e0 ) = j for some e0 2 P. Also, every edge
in Ei belongs to some canonical j -suboptimal path, where j  i (j  i). ut

Lemma 4 implies that the union of all canonical suboptimal paths within 
of the optimum contain all suboptimal paths in this neighborhood. Hence, any noncanonical -suboptimal path is a combination of few segments from canonical paths
that are  0-suboptimal,  0 < . In general, let P1 and P2 be 1 and 2 suboptimal
paths, respectively, which intersect at some node u. Then, any path P3 obtained by
concatenating the (s; u) segment from one path and the (u; t) from the other is 3
suboptimal, 3  1 + 2 . In the special case where P1 and P2 are both optimal, P3
is also optimal.
In terms of alignments, in order to cope with this combinatorial explosion, we
suggest the subset of alignments that correspond to the canonical paths as the representatives for the entire set of suboptimal alignments, which can be very large. This
set fairly represents the entire set of alignments since any non-canonical alignments
can be obtained by recombining few canonical ones.
Remark - De ne G  (V; E). The above discussion also implies that any
task that involves alignments that are at most  suboptimal (such as counting and
enumeration) can be done on G instead of G, taking advantage of its sparsity. No
theoretical bounds are known on the ratio of jEj=3nm. However, it is typically the
case that the interesting  is the one for which jEj = O(n + m) = O(jE j0:5), to
avoid combinatorial explosion.

3 Transformation of Weights
This paper advocates for representation, rather than enumeration, of alignments.
However, in some cases it may be desirable to enumerate alignments. Also, recall
that E may also contain non-canonical paths that are worse than . In this section
we show that a simple transformation on the weights of E provides a powerful tool
to manipulate suboptimal paths and to accomplish the tasks mentioned above. This
transformation turns out to be related to the method of Edmonds and Karp [EK72]
(see also [Law76] that transforms general weights of a graph to all non-negative
weights such that the order of paths are preserved. Our transformation specializes
the Edmonds-Karp transformation to (s; t)-paths; it produces a set of non-negative
weights (recall that the original set of weights may be negative) which preserves the
order of the (s; t) paths, and makes the enumeration extremely easy.
De nition: For every e = hu; vi 2 E de ne
(e) = (e)
min f(e0)g
e =hx; ui
We now prove (Lemma 5[3]) that (e) can be interpreted as the \additional penalty
for using e on the path from u to t rather than following the optimal path from u
to t directly". Theorem 6 shows how these transformed weights can be used.
0

Lemma 5. For any e = hu; vi
(1) (e) = (e) (e0 ), where e0 is the edge preceding e on the canonical path for e.
(2) (e)  0
(3) w(e) + d(v; t) = d(u; t) (e).

Proof. Let ei = hxi ; ui be the set of edges entering u and assume without loss of
generality that (e1 )  (e2 )  : : : Note that (ei ) = d(s; t) (d(s; xi ) + w(ei ) +

d(u; t)); hence d(s; x1) + w(e1 ) is the optimal way to reach u from s since d(s; x1) +
w(e1 )  d(s; x2) + w(e2 )  : : : This implies that the canonical path for e enters u
via edge e1 = hx1 ; ui, so (e) = (e) (e1 ) and (1) follows.
From Lemma 2 we know that if P is a -suboptimal path that is canonical for e,
then (e) =  and (e0 )   for any edge e0 preceding e on P . Hence (2) follows.
Let e1 = (x1 ; u) from above. We know
(i) (e1 ) = d(s; t) (d(s; x1) + w(e1 ) + d(u; t))
(ii) (e) = d(s; t) (d(s; x1) + w(e1 ) + w(e) + d(v; t))
hence
(e) = (e) (e1 ) = d(u; t) w(e) d(v; t)
or w(e) + d(v; t) = d(u; t) (e).
ut
Theorem 6. For any path P from s to t, (P) = Pe2P (e) .
Proof. Let P = e1 ; e2 : : :; ek , where ei = hui ; vii (u1 = s; vk = t and vi = ui+1 ).
De ne the path Pi as the path obtained by concatenating the edges e1 ; : : :; ei with
the optimal
P path from vi to t. We claim, by induction on i, i = 1; : : :; k, that
(Pi ) = j i (ej ). Since Pk = P, the theorem follows.

Note that P1 is canonical for e1 ; therefore (P1) = (e1 ). Furthermore, (e1 ) =
(e1 ) as there are no edges into s. Hence, for i = 1, (P1) = (e1 ) as claimed.
Assume correctness for j  i. Pi and Pi+1 share the rst i edges. Since dPi (s; t) =
dPi (s; vi ) + d(vi ; t) we have
dPi+1 (s; t) = dPi (s; vi ) + w(ei+1 ) + d(vi+1 ; t) =
(1)
= dPi (s; t) d(vi ; t) + w(ei+1 ) + d(vi+1 ; t)
(2)
Recall that vi = ui+1. From Lemma 5 we have
w(ei+1 ) + d(vi+1 ; t) = d(ui+1; t) (ei+1 ) = d(vi ; t) (ei+1 )
(3)
Substituting (3) in (2) we get
dPi+1 (s; t) = dPi (s; t) (ei+1 )
P (e ), hence
By induction dPi (s; t) = d(s; t)
j i j
X
dPi+1 (s; t) = d(s; t)
(ej )
j i+1

P (e ).
so (Pi+1 ) = ij+1
ut
=1 j
The proof of Theorem 6 implies that after (e) has been computed for every edge
e, the \goodness" of a path can be computed \on the y" as follows. Take a path
from s to u for some node u: if  is the sum of the 's along that path, then there
is always a -suboptimal path from s to t that begins with this segment from s to
u; namely, the one that proceeds with the optimal path from u to t. If an edge e is
followed after u, then any path to t that uses the segment up to u, followed by e,
will be at least ( + (e))-suboptimal.

3.1 Enumerating Suboptimal Paths
A natural enumeration procedure for all suboptimal paths is now readily available.
First, compute (e) and (e) for every edge in G. This preprocessing takes O(nm)
time and space. Then, using the new set of weights (e), enumerate the (s; t) paths in
order. This can be done as follows: Build a \search tree" that explores all the paths
in this graph, starting at s. An internal node in the tree represents a partial path
that starts at s and ends at some node u; the leaves represent complete (s; t)-paths.
Each internal node is expanded via all edges eminenting from the last node u on the
partial path.
With each internal node in the tree we associate a cost , which is to the sum of
(e) of all edges e on the path that is represented by this node. This path can always
be extended to an (s; t) path P with (P) = . When an internal node is expanded
via an edge e, the new node receives the cost of its parent + (e).
It is now straightforward to observe (from Theorem 6) that if the tree is expanded
in a \best rst search" manner (i.e. the next node to expand is the internal node
with the minimum ), then paths are enumerated in increasing order. Hence, to
enumerate the K-best paths, simply stop after the Kth leaf in the search tree has
been reached. A priority queue that maintains the best K costs of the nodes in the
search tree needs to be maintained. The size of the tree is at most O(Km) nodes, as
every leaf is preceded by at most m + n nodes. After the O(nm) time preprocessing
stage, a new path P is enumerated in this manner in O(jP j) = O(n + m) time. The
priority queue maintenance takes O(logK). Since the entire search tree needs to be
kept throughout, the space requirement is O(K(n + m)) (plus an additional O(nm)
space to store the (e)'s).
The same method can be employed to list all  0 -suboptimal paths for  0  ,
where  is a speci ed threshold. First build E; then enumerate paths in E by
building the search tree, while pruning any extension that leads to a node whose
cost exceeds . This is basically the method of [WaBy]. Since any extended node
eventually leads to a legal leaf (whose cost is within the threshold), and since at
any node there is a constant number of extensions to check, the search tree can be
explored in any order. Only the current path needs to be maintained, so the space
required is O(m + n), and the time is O(jP j) per path.

A More Ecient Enumeration Algorithm Using the idea of \deviations", together with the transformed weights, another algorithm that outputs suboptimal
paths in increasing order can be suggested. It requires only O(K) space and O(jP j)
time per path. For simplicity, assume that there are no ties between path lengths
(e.g. impose lexicographic order in addition to the length).
The algorithm builds a search tree (which is di erent from the search tree described above). A node in the tree represents a solution (a path), and its cost is the
path length. A node b is a child of a node a in the tree if the path represented by b
is a deviation of the path represented by a. Speci cally, let a be a node in the tree
that represents a path P = x1; : : :xk which deviates from its parent by the edge

hxi ; xi+1i. Let the cost of a (i.e. (P)) be . Note that (hxj ; xj +1i) = 0 for all j > i.

The children of a are found as follows: for every vertex xj on P , j > i, let e1 ; e2 be
the two eges that are incident at xj but not on P (i.e. hxj ; xj +1i 6= e1 ; e2). Create
two new nodes, b1 and b2, with costs  + (e1 ) and  + (e2 ) respectively, and make
them the children of a. b1 and b2 share the pre x x1 ; : : :; xj with a, and deviate from
it on the edges e1 and e2 respectively.
The algorithm, which outputs the rst, second, third ... paths in order, proceeds
at follows: Initially, the tree consist of a root, where the root of the tree is the optimal
path from s to t, and its cost is 0. To nd the next best path, nd the leaf a in the
tree of minimal cost, and ouput the path represented by a. Expand a by attaching
all deviations of it as its children.
Since expanding a node requires O(n+m) time (need to check at most two edges
at each vertex of the path), the time to output the next path is O(n + m). The size
of the search tree is O(Km) since every new solution creats at most 2(n + m) new
nodes. However, this space requirement can be improved by using the technique of
[Law72]: when a leaf a is rst expanded, only its best child b? needs to be explicitly
stored in the tree. When b? is eventually used at some iteration (i.e it is the next
best path), b? is expanded as before, but also the next best child of a is found again.
The is repeated for the third, fourth ... child of a. This assures that after K solutions
have been output, there are only 2K nodes in the tree. Moreover, at each iteration,
two nodes (instead of one node) are expanded, hence the time requirement is only
doubled whereas the space requirement is reduced by a factor of m.

4 Counting Suboptimal Alignments
Simulations show that the number of suboptimal alignments grows rapidly as the
threshold increases. This behavior depends on the scoring system, i.e. on the weights
of the edges in the graph, as well as on the actual sequences. Hence, the signi cance
of an alignment can be assessed not only by the distance between its score and
the optimal score, but also by its rank, i.e. the number of alignments with better
scores than its own score. Computing the rank of a given alignment is closely related
to the problem of counting the number of suboptimal alignments. The number of
suboptimal alignments can clearly be computed by enumerating them using the
methods of Section 3.1. In this section we are interested in counting methods that
are more ecient than the corresponding enumeration solution. We show that by
using the transformed set of weights (e) instead of the original weights, better
bounds can be achieved. As before, we use the graph notation, where alignments
correspond to paths from s to t in the edit distance graph.
The number of optimal paths from s to t is found in time and space O(jE0j) as
follows. Let N (v) be the number of optimal paths from s to some node v. Then,
X
N (v) =
N (u)
ujhu;vi2E0

N (t) is the desired count. A natural generalization of this method to count all

suboptimal paths within  of the optimum is to maintain, at each node v, a list

of all possible lengths of paths from s to v, as well as their count. A node creates
its own list by inheriting and merging the lists and the counts of its predecessors
[Wa92]. This evaluation requires O(C jEj) = O(Cnm) time and space, where C is
the maximum list size (C can be very large for arbitrary weights).
Let  be a speci ed threshold. If the number of paths which are  suboptimal
for    is sought, then the O(Cnm) bound can be dramatically reduced by using
the transformed set of weights. Recall that if the weights on the edges of the graph
are transformed as suggested in Section 3, then the paths which are  suboptimal,
  , are exactly the paths whose transformed length does not exceed . Hence, if
we compute (e) for each edge e 2 E , then we can count the number of these paths
in the transformed graph as follows when the weights are all integers: Let C(v; k),
k = 0; 1; : : :; , be the number of paths of length k from s to v in the transformed
graph. Then,
X
N (v; k) =
N (u; k (hu; vi))
ujhu;vi2E

This recursive formula can be evaluated in O( jEj) = O(nm) time and
space if we use the transformed weights (e). A similar solution on the original set
of weights requires O((d(s; t) + ) nm) time and space. Similarly, for non-integral
weights, the space requirement will be reduced.

Counting Canonical Suboptimal Path
The set of canonical suboptimal paths is a smaller, restricted and more structured
set of suboptimal paths. To count the number of canonical  suboptimal paths we
need the following lemma:

Lemma 7. P = e1; e2; : : :; ek is a canonical path i there is some l, 1  l  k, such
that
P
(1) for any i  l, j i (ej ) = (ei ), and
(2) (ei ) = 0 for all i > l.

P

Proof. Suppose rst that (1) and (2) hold. Then, j k (ej ) = (el ), and from
Theorem 6 (P) = (el ), hence P is canonical for el .

We prove the only if part by induction on . Assume that for any canonical
-suboptimal path,  < , (1) and (2) hold. Let P be a canonical -suboptimal
path, and let el = hv; wi be the rst edge on P such that (P) = (el ) = . We
will show that (1) and (2) hold for this l. Suppose that el 1 = hu; vi and let P 0 be
a canonical path for el 1 . Consider the segment on P from s to v; it is the best
path from s to v and it also goes through u, hence its portion up to u is the best
path from s to u. Therefore, P 0 coincides with P on the segment up to u. Lemma
2Pimplies that (P 0) = (el 1 ) < (el ) = . Hence, by induction, for any i  l 1,
j i (ej ) = (ei ). el 1 precedes el on the canonical path for el , so from Lemma 5
(el ) = (el ) (el 1 ). Hence, (1) holds since
X
(ej ) = (el 1 ) + (el ) = (el 1 ) + (el ) (el 1 ) = (el )
j l

P
Now (2)Pfollows directly, since (P ) = (el ) by de nition, and (P) = j k (ej ) =
(el ) + l<j k (ej ) which implies (ei ) = 0 for all i > l.
ut
The above lemma implies that every canonical path P = e1 ; e2 ; : : :; ek can be
decomposed into P
two parts, P1 = e1 ; e2; : : :; el and P2 = el+1 ; : : :; ek , such that in
P1 the property j i (ej ) = (ei ) holds for any i, and in P2 (ei ) = 0 for any i. If
we choose P1 as the maximal segment with this property, then this decomposition
is unique. We therefore associate with each canonical path P a pair of edges (e; f),
where e is the last edge on the P1 (maximal) segment, and f is the rst edge on the
P2 segment. Note that (P) = (e), and that from the maximality of P1, (e)+(f) >
(f).
Many canonical paths may be associated with the same pair of edges (e; f). Denote by N (e; f) the number of canonical ((e)-suboptimal) paths that are associated
with the pair (e; f). Since each canonical path is associated with a unique pair, all we
need is to count how many canonical paths are associated with each pair of adjacent
edges (e; f).
De ne Ncan(e) as the numberPof paths that start at s and end with the edge
e, which have the property that j i (ej ) = (ei ) for any edge ei along the path.
Also, de ne Nopt (f) as the number of paths that start with the edge f and end at
t such that (e) = 0 for any edge e along the path. Then,

can(e) + Nopt (f) if (e) + (f) > (f)
N (e; f) = N
0
otherwise
Ncan (e) and Nopt (f) are computed as follows. Let e1 ; e2; e3 be the three edges that
are immediate predecessors of e, and f1 ; f2 ; f3 be the three edges that are immediate
successors of f. Set Ij = 1, j = 1; 2; 3, if (ej ) + (e) = (e), otherwise Ij = 0. Then,
initially, N (e) = 1 for e = hs; ui, and
X
Ncan (e) =
Ij Ncan(ej )
j =1;2;3

To compute Nopt (f), initially set Nopt (f) = 1 if f = hu; ti and (f) = 0, and
P
if (f) = 0
Nopt (f) = 0 j =1;2;3 Nopt (fj ) otherwise
There are 3nm pairs of edges to consider. The recursive evaluation of Ncan (e)
and of Nopt (f) requires O(nm) time and space. Hence the total time and space is
O(nm). This can be reduced to O(jEj) if we are only concerned with canonical
paths that are -suboptimal for some   .
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Fig. 2. Aligning two Leucine Zippers: the top gure depicts E0 , and the bottom gure

depicts E2 . Note that the biologically \correct" alignment, the one that coincides with the
diagonal at the 4th, 11th, 18th and 25th positions, is in E2 .

Fig.3. The compact representation of suboptimal alignments between the variable regions

of a heavy and a light chain of a Human Immunoglobulin reveals their hypervariable regions.

